In Part I: Vector Analysis of Spinors, the author studied the geometry of two component spinors as points on the Riemann sphere in the geometric algebra G 3 of three dimensional Euclidean space. Here, these ideas are generalized to apply to four component Dirac spinors on the complex Riemann sphere in the complexified geometric algebra G 3 (C) of spacetime, which includes Lorentz transformations. The development of generalized Pauli matrices eliminate the need for the traditional Dirac gamma matrices. We give the discrete probability distribution of measuring a spin 1/2 particle in an arbitrary spin state, assuming that it was prepared in a given state immediately prior to the measurement, independent of the inertial system in which measurements are made. The Fierz identities between the physical observables of a Dirac spinor are discussed.
Introduction
Since the birth of quantum mechanics a Century ago, scientists have been both puzzled and amazed about the seemingly inescapable occurrence of the imaginary number i = √ −1, first in the Pauli-Schrödinger equation for spin 1 2 particles in space, and later in the more profound Dirac equation of spacetime. Exactly what role complex numbers play in quantum mechanics is even today hotly debated. In a previous paper, "Vector Analysis of Spinors", I show that the i occurring in the Schrödinger-Pauli equation for the electron should be interpreted as the unit pseudoscalar, or directed volume element, of the geometric algebra G 3 . This follows directly from the assumption that the famous Pauli matrices are nothing more than the components of the orthonormal space vectors e 1 , e 2 , e 3 ∈ R 3 with respect to the spectral basis of the geometric algebra G 3 ,
Geometric algebra of spacetime
The geometric algebra G 3 of an orthonormal rest frame {e 1 , e 2 , e 3 } in R 3 can be factored into an orthonormal frame {γ 0 , γ 1 , γ 2 , γ 3 } in the geometric algebra G 1,3 of the pseudo-Euclidean space R 1,3 of Minkowski spacetime, by writing e k := γ k γ 0 = −γ 0 γ k for k = 1, 2, 3.
In doing so, the geometric algebra G 3 is identified with the elements of the even subalgebra G + 1,3 ⊂ G 1, 3 . A consequence of this identification is that space vectors x = x 1 e 1 + x 2 e 2 + x 3 e 3 ∈ G 1 3 become spacetime bivectors in G 2 1,3 ⊂ G + 1, 3 . In summary, the geometric algebra G 1,3 , also known as spacetime algebra [2] , has 2 4 = 16 basis elements generated by geometric multiplication of the γ µ for µ = 0, 1, 2, 3. Thus, for µ = ν, µ, ν = 0, 1, 2, 3, and k = 1, 2, 3. Note also that the pseudo-scalar γ 0123 := γ 10 γ 20 γ 30 = e 1 e 2 e 3 = e 123 =: I of G 1,3 is the same as the pseudo-scalar of the rest frame {e 1 , e 2 , e 3 } of G 3 , and it anti-commutes with each of the spacetime vectors γ µ for µ = 0, 1, 2, 3.
In the above, we have carefully distinguished the rest frame {e 1 , e 2 , e 3 } of the geometric algebra G 3 := G + 1, 3 . Any other rest frame {e ′ 1 , e ′ 2 , e ′ 3 } can be obtained by an ordinary space rotation of the rest frame {e 1 , e 2 , e 3 } followed by a Lorentz boost. In the spacetime algebra G 1,3 , this is equivalent to defining a new frame of spacetime vec-
, and the corresponding rest frame
, 3} of a Euclidean space R 3 ′ moving with respect to the Euclidean space R 3 defined by the rest frame {e 1 , e 2 , e 3 }. Of course, the primed rest-frame {e ′ k }, itself, generates a corresponding geometric algebra G ′ 3 := G + 1,3 . A much more detailed treatment of G 3 is given in [6, Chp.3] , and in [8] I explore the close relationship that exists between geometric algebras and their matrix counterparts. The way we introduced the geometric algebras G 3 and G 1,3 may appear novel, but they perfectly reflect all the common relativistic concepts [6, Chp.11] .
The well-known Dirac matrices can be obtained as a real sub-algebra of the 4 × 4 matrix algebra Mat C (4) over the complex numbers where i = √ −1. We first define the idempotent
where the unit imaginary i = √ −1 is assumed to commute with all elements of G 1,3 . Whereas it would be nice to identify this unit imaginary i with the pseudo-scalar element γ 0123 = e 123 as we did in G 3 , this is no longer possible since γ 0123 anti-commutes with the spacetime vectors γ µ as previously mentioned.
Noting that γ 12 = γ 1 γ 0 γ 0 γ 2 = e 2 e 1 = e 21 , and similarly γ 31 = e 13 , it follows that e 13 u ++ = u +− e 13 , e 3 u ++ = u −+ e 3 , e 1 u ++ = u −− e 1 ,
where
The idempotents u ++ , u +− , u −+ , u −− are mutually annihilating in the sense that the product of any two of them is zero, and partition unity
By the spectral basis of the Dirac algebra G 1,3 , we mean the elements of the matrix    
where [g] is the complex Dirac matrix corresponding to the geometric number g. In particular,
and
It is interesting to see what the representation is of the basis vectors of G 3 . We find that for k = 1, 2, 3,
where the outer subscripts denote the order of the matrices and, in particular, 
Just as in [4] , from the Dirac spinor [ϕ] 4 , using (6), we construct its equivalent S ∈ G 1,3 (C) as an element of the minimal left ideal generated by u ++ ,
Because of its close relationship to a Dirac spinor, we shall refer to S as a geometric Dirac spinor or a Dirac g-spinor.
Noting that 
where each of the elements α k in S is defined by α k = ϕ k | i→γ 21 , and α † k := ϕ k | i→−γ 21 . Expanding out the terms in (10),
This suggest the substitution
in which the geometric Dirac spinor S takes the more perspicuous forms
for X := x 0 + x, Y := y 0 + y ∈ G 3 where x = x 1 e 1 + x 2 e 2 + x 3 e 3 , y = y 1 e 1 + y 2 e 2 + y 3 e 3 , and
where S is the complex conjugate of S, defined by i → −i,
where S # is the parity transformation defined by γ µ → −γ µ , and
Using (4), we then define the even spinor operator
and the odd spinor operator
In addition to the two real even and odd spinor operators in G 1,3 , we have two complex spinor operators in G 1,3 (C), given by
where E 3 := −iIe 3 , and
Using (5), the matrix [ψ] of the even spinor operator ψ is found to be
[4], [5, p.143] , and using (7) and (18), the matrix [Φ] of the odd spinor operator Φ is found to be
Unlike the Dirac spinor
Whereas the even spinor operator 
As an even geometric number in G + 1,3 , ψ generates Lorentz boosts in addition to ordinary rotations in the Minkowski space R 1,3 . Whereas we started by formally introducing the complex number i = √ −1, in order to represent the Dirac gamma matrices, we have ended up with the real spinor operators ψ, Φ ∈ G + 1,3 , in which the role of i = √ −1 is taken over by the γ 21 = e 12 ∈ G 3 . This is the key idea in the Hestenes representation of the Dirac equation [9] . However, in the process, the crucial role played by the mutually annihilating idempotents u ±± has been obscured, and the role played by i = √ −1 in the definition of the Dirac matrices has been buried. Idempotents are slippery objects which can change the identities of everything they touch. As such, they should always be treated gingerly with care. Idempotents naturally arise in the study of number systems that have zero divisors, [10] .
Geometric Dirac Spinors to Geometric E-Spinors
Recall from equation (14) that the real, even, Dirac spinor operator is
for the geometric Dirac spinor, S = ψu ++ = ϕ 1 + ϕ 2 e 13 + ϕ 3 e 3 + ϕ 4 e 1 u ++ = α 1 + e 13 α 2 + e 3 α 3 + e 1 α 4 u ++ as an element in the minimal left ideal {G + 1,3 u ++ }. Defining J := −iI, we can express
Noting that Je 3 u ++ = u ++ ,
where Ω := Ω 0 + Ω 1 e 1 for Ω 0 := (ϕ 1 + ϕ 3 J) and Ω 1 := (ϕ 4 + ϕ 2 J). Alternatively, Ω 0 and Ω 1 can be defined in the highly useful, but equivalent, way 
Once again, we calculate
where S is the complex conjugate of S defined by i → −i,
The even spinor operator (14), satisfies
where as before E 3 := Je 3 = E
Equations (14) and (25) express the even spinor operator ψ in two very different, but equivalent ways, the first as an element of G It follows from (22) and (25), that any even spinor operator ψ ∈ G + 1,3 can be written in the matrix form
where the matrix
. Analogous to the Pauli matrices, we have
which can be obtained from the Pauli matrix representation by multiplying the Pauli matrices for e 2 and e 3 by J = −iI. Alternatively, the Pauli matrices can be obtained from the above Dirac-like representation, simply by replacing i by I, in which case J → 1. Indeed, if we let i → I in (26), and using the substitution variables z k defined in (24 ), we get
where u + = 1 2 (1 + e 3 ), which is exactly the Pauli algebra representation of the geometric number ψ ∈ G 3 . Recently, I was surprised to discover that I am not the first to consider such a representation of the Pauli matrices [12] .
Calculating the determinant of the matrix [Ω]
or in the more elegant alternative form in the spacetime algebra G 1,3 , We have already noted that the geometric algebra G 3 can be algebraically identified with the even sub-algebra G 
T Ω with det[ψ] Ω = −y 2 0 + y 2 1 + y 2 2 + y 2 3 . Thus, a Hermitian Dirac g-spinor, corresponding to X = x 0 + x ∈ G 3 , has the form
for Ω 0 = x 0 + x 3 J and Ω 1 = x 1 + ix 2 , and an anti-Hermitian Dirac g-spinor, corresponding to I Y = I (y 0 + y) ∈ G 3 , has the form
for Ω 0 = I(y 0 + y 3 J) and Ω 1 = I(y 1 + iy 2 ).
In the bra-ket notation, a Dirac g-spinor (9), and its conjugate Dirac g-spinor, in the spacetime algebra G 
respectively. Taking the product of the conjugate of a g-spinor |Φ = 2(r + Is)u ++ , with a g-spinor |Ω , gives
The complex sesquilinear inner product in G 0+3 3
of the two g-spinors |Φ and |Ω is then defined by
Defining |Ω = 2(Ω 0 + Ω 1 e 1 )u ++ and |Φ = 2(Φ 0 + Φ 1 e 1 )u ++ for the substituted variables (12), with |Φ being defined in the coresponding variable r and s, the inner product (34) takes the form
Alternatively, writing |Ω = 2(x + Iy)u ++ and Φ| = 2u ++ (r − Is), we have
Consider now the parity invarient part S E of the geometric Dirac spinor S, 0 Ω 1 , we then find that T + E is an idempotent. We now study idempotents P ∈ G 3 (C) of the form
for N, M ∈ G 
since in this caseb = e 3 . Because T + E is an idempotent, it further follows that
We also identify Jâ inÂ + , byâ =Me 3M ∈ G 2 1,3 . Now decompose the complex unit vectorM = m 1 + Im 2 ∈ G 1+2 3 , by writinĝ
where cosh φ = |m 1 | and sinh φ = |m 2 |, and note that sinceM 2 = 1,
so I = e 123 =m 1m2 (m 1 ×m 2 ). It then follows that the expression forâ, given after equation (39), becomeŝ
which expresses that the North Pole e 3 of the Riemann sphere is rotated π radians in the plane of Im 1 into the pointm 1 e 3m1 , and then undergoes the Lorentz Boost defined by the unit vectorm 1 ×m 2 , with velocity tanh 2φ = v/c, to give the unit vectorâ. We can think of the Riemann sphere, itself, as undergoing a Lorentz boost with velocitŷ m 1 ×m 2 tanh 2φ . See Figure 1 . We can now decompose the parity invariant part S E of the geometric Dirac Spinor S, into
where Ω 0 = ϕ 1 + Jϕ 3 , and
We then have Λ e 1 − JIΛ e 2 + Je 3 = JM + I N, and Λ e 1 + JI Λ e 2 − Je 3 = −JM + I N.
Solving these equations for M, gives
Writing
, where x = α 1 e 1 +α 2 e 2 and α 3 = 1, the Ω-matrix (27) of M takes the form
If for the complex idempotent P, given in (37), we make the substitution M = m and N = n for the vectors m, n ∈ G 3 , then the idempotent P = The complex unit vectorâ, defined in (41), can be directly expressed in terms of Λ. Using (43), we find that
which in turn gives the projective relation
showing that the projection x of M onto the complex hyperplane defined by e 1 , e 2 , is on the complex ray extending from the south pole −e 3 . This is equivalent to saying that M is a complex multiple of the complex vectorâ + e 3 .
Using (42) and (43), we find that
so that
for k = 1, 2, and
The φ k , θ k ∈ R are defined in such a way that 
Note thatb e and e 3 anti-commute, as dob a andâ. In our decomposition, it is the unit bivectorM that defines the Lorentz transformation (41) associated with a Dirac spinor.
Recalling (26), (42), and (45), we define a Pauli E-spinor by
Given the E-spinor |Φ E = √ 2Je ω ′M ′ E + 3 , its conjugate is specified by
which we use to calculate
which can be expressed in the alternative form,
The result (49) is in agreement with (29) when Φ = Ω, and identical in terms of the complex components φ k and ϕ k , for which
so the Dirac inner product (34) can also be expressed by
Of course, the . − , . † and . * -conjugation operators all depend upon the decomposition of I = e 123 in the rest-frame {e 1 , e 2 , e 3 } ∈ G + 1,3 . The importance of this result is that we are able to directly define the Dirac inner product in terms of conjugations of the Pauli E-inner product given in (49). It is also interesting to compare this result with (33).
By a gauge transformation of an E-spinor |Ω E , we mean the spinor e α |Ω E , where
The definition of an E-spinor is closely related to the Dirac g-spinor definition (31),
Given the g-spinor |Φ = 2Je
Using (49) and (51), we calculate
The Dirac inner product, expressed in (51), shows that
Using (29), (45), and (49) for 
Using (51), we would now like to calculate Ω|Φ Φ|Ω for gauge normalized physical states |Ω E and |Φ E . Here, we consider a special case where the formula (51) simplifies to Φ|Ω = 1 2
Referring to (48), this will occur when Shown is the discrete probability distribution for observing a particle in a stateâ x , given that the particle was prepared in the stateâ y immediately preceding. For this figure, y = (1, 1) , φ x = φ y = 0, −3 ≤ x 1 ≤ 3 and −3 ≤ x 2 ≤ 3. Figure 3: Shown is the discrete distribution for observing a particle in a stateâ x , given that the particle was prepared in the stateâ y immediately preceding. For this figure, x = y, φ x = 1, φ y = 2, −3 ≤ x 1 ≤ 3 and −3 ≤ x 2 ≤ 3. The values are all greater than or equal to one and therefore do not represent a probability. 
